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ABSTRACT 
The spread of a matrix (or polynomial) is the maximum distance between any two 
of its eigenvalues (or its zeros). E. Deutsch has recently given upper bounds for the 
spread of matrices and polynomials. We obtain sharper, simpler upper bounds and 
observe that they are also upper bounds for the sum of the absolute values of the two 
largest eigenvalues (or zeros). 
Let A be a complex n X n matrix, and let X,, . . . ,h, denote its eigenvalues, 
which we may assume are arranged in decreasing order of absolute value, 
l&f > IU > * * * > IA,,/. Similarly suppose that oi > . + - >o%, where the a, are 
the singular values of A (=the positive square roots of the eigenvalues of 
A*A). If x=(+..., x,) has all xi >0 (we denote this by writing r>O), let 
l;(~)=(~;,Ilaiilxj)/x, and let ri,..., r,, when arranged in decreasing order be 
denoted by R,, . . . ,I$,. Thus R,(x) > - * - >R,(x), but this order depends on X, 
of course, For each [ EC we let &({),ui({),Ri(x;[) denote the eigenvalues, 
singular values, and (generalized) row sums of absolute values for the matrix 
A - SZ, each set arranged in decreasing order of absolute values. 
The spread of A,s(A), introduced by L. Mirsky [4], is defined by 
In a recent paper [l], E. Deutsch obtained upper bounds for s(A), and also 
introduced the spread of a complex polyuomial 
(2) 
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with zeros Xl, *. . ,z&, as 
If F denotes the c~~a~~ matrix of f, then s(f) = s(F), since the eigenval- 
ues of F are precisely the zeros off. Hence it suffices to consider only the 
matrix case (but see [l, Sec. 41). 
In El], Deutsch used two inequalities of H. Weyl [6] and H. Schneider [5] 
to prove the fo~o~~g 
where e denotes the vectcw (1, I,. . . , 1). 
In proving (3) and (4), Deutsch did not use the full force of the 
inequalities of Weyl and Schneider. We shall show that Theorem 1 can be 
sharpened to give 
THEOREM 2. For all x > 0 and 3 E @ we have 
In fact, (5) and (6) are valid even with s(A) raked by 
Proof. Since the ]~(~)~,u,(~),R+(x;~) are (for fixed x,Y) assumed to be 
arranged in decreasing order, it follows from (I) that 
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We now use the fact that the inequalities of H. Weyl (see for example the 
proof in [3, p. 116]) and H. Schneider [& (15)] give as a special case 
Now take k =2 in (8), (9); then (5), (6) folIow at once from (7). II 
To see that (5) is sharper than (3) we use the fact (see Hardy, Lit&wood, 
and Polya [Z; Theorem IS]) that the ordinary means 
are strictly increasing functions of r (unless all a, are equal). In partkuhn, 
taking k = 2 gives 
.,i ~~lo~(i))L/t for-all t&l.. 
This shows that (5) has a double gain over (3)-using t = 1, and replacing n 
by 2. Similarly, (6) (far x= e) is sharper than (4). 
EXAMPLE I. We use the matrix 
A = [ 
I01 1 1 
0 2 I 
1 1 2 I 
given in [1], where the bounds s(A) < 104, s(A) < 110 were obtained using 
t=l and {=2, I=0 in (4). Using {=2, x=e in (6) gives s(A)<103, and 
using 3 = 2, x = (a , 1,l) in (6) gives s(A) < 100 + 2’k% . 
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We may apply Theorem 2 to the companion matrix F of the polynomial f 
given by (2) (cf. [l, Sec. 41). Note that we may and do assume that a, #O. As 
shown in [l], if 
a=f{(l+Y”+~l%l) 1’2+(1+ya-2]u”])1’2} =]uJar, 
where y2 = Zy ]a, 12, then the singular values of F are a, p, 1,. . . , 1. 
THEOREM 3. Let f be the complex polynomial defined by (2), with 
n > 3, a,#O. Then 
s(f)<max{cu+j3,P+1,2}. (11) 
Moreover, if the n - 1 numbers Ia,1 (1 f i <n - 1) are arranged in decreasing 
order as A, >A,> . . . >A,_,, then 
s(f) < 
4 +A2 if Ja,,l GA,, 
A,+ I4 if A2< l4. 
Finally, we also have 
(12) 
I4 +Na if l+]u,(< a (2<i<n-l), 
s(f) < 
1+ Iall + m + 2<~G~_l Ioil otherwise. 
(13) 
Proof. (11) f ll o ows at once from the preceding remarks and (5) with 
{=O. As for (12) and (13), we note that from the definition of the companion 
matrix F and of r,(x;O) we have 
q(x;o) = 4-l + l%-i+ll~” > l<i<n, 
xi 
provided we define x0= 0. We leave it to the reader to verify that if x= e, 
then R,(x;O)+R,(x;O) is given by the right side of (12), while if x= 
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(Ll,..., 1,1/a ), then R,(x;O)+R,(r;O) is given by the right side of 
(13). n 
REMARK. In [l], the upper bound 
s(f) 92 I a’+/3’+(n-2) 1’& 2 1 (t> l), 
was obtained. By the argument following (10) it is clear that U >cw + p, 
U > j3 + 1, since n > 3. Moreover, for n > 4 (and only in this case should the 2 
be present in the right side of (ll), in fact) we have U > 2. Hence (11) is 
always as sharp as (15), and is usually sharper. 
EXAMPLE 2. For the polynomial f(z) = ,z3 - 72 - 6 considered by 
Deutsch in [l], where (Y =0.648, j3 =9.251, we obtain s(f) Q 10.251 from 
(ll), and s(f) G 13, s(f) < 10.4495 from (12), (13) respectively. These esti- 
mates compare favorably with the estimates s(f) < 13.191,s(f) Q 10.899 ob- 
tained from (15) for t = 2, t = 1 respectively. However, in this case (14) 
reduces to 
6x3 ri = - 
xr +7x3 *2 
3 
Xl 
r2= - > 9 
*2 
r3= - 
r3 
so the choice r = (2,3,1) gives ri = r2 = r3 = 3. Thus the bound (6) yields the 
best estimate, s(f) < 6. 
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